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Overview

asynchronous communication subtyping for structured
multi-party interactions

flexibility / (type-safe) optimisation

language is buffered π-calculus with typed m-party sessions

main points:

session typing guarantees conformance to specification
(e.g. type safety, session fidelity);

top-down refinement of specification, preserving
conformance;

bottom-up synthesis with inference of global scenario;

sound & complete subtyping algorithm (terminating)

principal type inference for the synthesis of bottom-up
specifications
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Types

Global G ::= p→ p
′ : k 〈U〉;G′ values | µt.G recursive

| p→ p
′ : k {l j : G j} j∈J branching | t variable

| G,G′ parallel | end end

Value U ::= bool | nat | · · · | G

Local types for each participant from Global type using G�p

Local

T ::= k!〈U〉;T send | k&{li : Ti}i∈I branching

| k?〈U〉;T receive | µt.T | t recursion

| k⊕{li : Ti}i∈I selection | end end

(no delegation of local type T )
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Partial Permutations

top-level actions can be permuted using rules of �

for example:

T1 = k′?〈U ′〉;k!〈U〉;T ′
1 T2 = k′!〈U ′〉;k?〈U〉;T ′′

1

T ′
1 = k!〈U〉;k′?〈U ′〉;T ′

1 T2 = k′!〈U ′〉;k?〈U〉;T ′′
1
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Partial Permutations

top-level actions can be permuted using rules of �

for example: T ′
1 � T1
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Partial Permutations

top-level actions can be permuted using rules of �

for example: T ′
1 � T1

T1 = k′?〈U ′〉;k!〈U〉;T ′
1 T2 = k′!〈U ′〉;k?〈U〉;T ′′

1

T ′
1 = k!〈U〉;k′?〈U ′〉;T ′

1 T2 = k′!〈U ′〉;k?〈U〉;T ′′
1

(OI) k!〈U〉;k′?〈U ′〉;T � k′?〈U ′〉;k!〈U〉;T
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Partial Permutations

top-level actions can be permuted using rules of �

for example: T ′
1 � T1 T ′

2 6� T2

T1 = k′?〈U ′〉;k!〈U〉;T ′
1 T2 = k′!〈U ′〉;k?〈U〉;T ′′

1

T1 = k′?〈U ′〉;k!〈U〉;T ′
1 T ′

2 = k?〈U〉;k′!〈U ′〉;T ′′
1

No progress
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n-times nested unfolding

action required for � may be inside recursion

type can be unrolled internally until it appears in the top-level

for example, twice-unfold of guarded type:

unfold
2(k?〈U〉;µt.k′!〈U ′〉; t)= k?〈U〉;k′!〈U ′〉;k′!〈U ′〉;µt.k′!〈U ′〉; t

unfold
0(T ) = T for all T unfold

1+n(T ) = unfold
1(unfold

n(T ))

unfold
1(k!〈U〉;T ) = k!〈U〉;unfold

1(T ) unfold
1(k⊕{li : Ti}i∈I) = k⊕{li : unfold

1(Ti)}i∈I

unfold
1(k?〈U〉;T ) = k?〈U〉;unfold

1(T ) unfold
1(k&{li : Ti}i∈I) = k&{li : unfold

1(Ti)}i∈I

unfold
1(µt.T ) = T [µt.T/t] unfold

1(t) = t unfold
1(end) = end
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Coinductive Subtyping

Simulation-based method: we say T1 6c T2 if there exists
simulation relation ℜ with (T1,T2) ∈ ℜ.

for example, if (T1,T2) ∈ ℜ we require:

If T1 = end, then unfold
n(T2) = end.

If T1 = k!〈U1〉;T ′
1 , then unfold

n(T2) � k!〈U2〉;T ′
2 ,

(T ′
1 ,T

′
2) ∈ ℜ and (U1,U2) ∈ ℜ.

If T1 = k&{li : T1i}i∈I , then unfold
n(T2) � k&{l j : T2 j} j∈J

and J ⊆ I and ∀j ∈ J.(T1 j,T2 j) ∈ ℜ.

Example T1 = k′!;µt.k′!;k?; t, T2 = µt.k?;k′!; t.
T1 represents more optimal communications than T2

since it can output messages at k′ without waiting.

We can prove T1 6c T2.
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Properties of 6c

Theorem 6c is a preorder.

If T1 ℜ1 T2 and T2 ℜ2 T3 for type simulations ℜ1 and ℜ2

then there exists a type simulation ℜ3 such that if
unfold

n(T2) � T ′
2 , then T ′

2 ℜ3 T3.

We write trc(T1 ℜ1 T2 ℜ2 T3) for ℜ3.

trc(ℜ1,ℜ2) is the smallest relation such that if
(T1,T2) ∈ ℜ1 and (T2,T3) ∈ ℜ2, then
trc(T1 ℜ1 T2 ℜ2 T3) ⊆ trc(ℜ1,ℜ2)
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Algorithmic Subtyping

[OUT]
Σ `U1 6 U2 Σ ` T1 6 T [T ′

2h]
h∈H

T [k!〈U2〉;T2h]
h∈H k

7→ k!〈U2〉;T [T ′
2h]

h∈H

Σ ` k!〈U1〉;T1 6 T [k!〈U2〉;T2h]
h∈H

Lemma

The subtyping algorithm always terminates.

If T 6c T ′ then the algorithm does not return false when
applied to Σ ` T 6 T ′.

Theorem For all closed types T and T ′, T 6c T ′ if and
only if T 6 T ′
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Global Principal Typing

Theorem [principal global typing]

The typability of P with respect to g̀ is decidable.

If P is typable then P has a principal global typing Γ0 in
the sense that

Γ0 g̀ P. /0 holds and;

Γ g̀ P. /0 implies Γ0 6 Γ.
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Example: Double Buffering Algorithm

Optimisation by overlapping computation and communication

Source — Kernel — Sink

Source sends data to Kernel

Kernel computes on data

Kernel sends to Sink

Use of 2 buffers at Kernel allows Sink to write in one
while Sink reads from the other.

KernelSource
x[i]

x[i−1]

x[i] x[i−1]

Sink
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Example: Double Buffering Algorithm

A

B

A

B

A

B

A

B

A

B

READY

(b)

COPY

READY

(a) 

READY

COPY

COPY

(c)

COPY

READY

READY

(d)

COPY

COPY

(e)
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Types for Double Buffering

Original Local Types

Tsource = µt.r1?〈〉;s1!〈U〉;r2?〈〉;s2!〈U〉; t

Tkernel = µt.r1!〈〉;s1?〈U〉; t1?〈〉;u1!〈U〉;
r2!〈〉;s2?〈U〉; t2?〈〉;u2!〈U〉; t

Tsink = µt.t1!〈〉;u1?〈U〉; t2!〈〉;u2?〈U〉; t

Optimized Kernel Type

Topt = r1!〈〉;r2!〈〉;µt.s1?〈U〉; t1?〈〉;u1!〈U〉;r1!〈〉;
s2?〈U〉; t2?〈〉;u2!〈U〉;r2!〈〉; t

Theorem Topt 6c Tkernel
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